Abstract. Let A be a C*-algebra with identity and B a C*-subalgebra of A which separates the pure states of A. We give an easy proof of the fact that, assuming there is a sequence of norm one linear maps L": A -► B such that Ln(b) converges weakly to b for each b in B, B must equal A. As corollaries we prove that if B separates the pure states of A, then B = A if £ is nuclear, or if B = C*(F£ and A Q VN(F£, where F2 is the free group on two generators.
one. We will use e to denote the identity of a uni tal C*-algebra. For/in A* and a inA,f-a is the element of A* defined by (/• a%b) -fiab) for all b in A. Let U(A) denote the set of unitaries in A. For/ in A*, \f\ will denote the absolute value of/ [6, Definition 12.2.8]. For X any Banach space, A", will denote the unit ball of X.
For S any convex set ext S will denote the extreme points of S. Elements of ext S(A) are called pure states of A. A set B contained in A is said to separate the pure states of A if whenever/, g G ext S(A) and/|F = g\B, then/ = g.
We first show why the main result follows, in the case that A is separable, from [7, Theorem 11.1] . Let BEA, assume that B separates the pure states of A and that there exists a sequence of norm one linear maps LH: A^>B such that Ln For the second corollary of Theorem 3 we need to recall and elaborate slightly on some results of Haagerup [8] . We consider the left regular representation A of a countable discrete group G. Let 8, G l2(G) be the function which is one at t and zero elsewhere. For s in G, \(s) is the unitary operator on l2(G) defined by \(s)8, = 8sr We denote by C*(G) the C*-algebra generated by the \(s), s in G, and by VN(G) the von Neumann algebra generated by C*(G). Let <f> be a positive definite function of G. Then it is shown in [8, Lemma 1.1] that there is a completely positive map M^: C*(G)-* C*(G) such that M^\(s) = <b(s)M.s). The same proof shows that there is a unique ultra weakly continuous completely positive map A/+:
VN(G) -» VN(G) such that M^\(s) = <?(s)\(s). For \p any finitely supported function on G we can define M¿ VN(G) -» C*(G) by M^(T) = 2 4is)(T8e)(s)k(s).
Clearly M^ is bounded and ultraweakly continuous.
Let G be a countable discrete group. For T in VN(G), T(f) = (r8e) */for all/ in l2(G). Conversely, if g G l2(G) is such that g convolves l2(G) into l2(G), then g determines a bounded operator c(g) in VN(G) given by c(g)(f) -g */• Hence VN(G) can be identified with the set of functions in l2(G) which convolve l2(G) into l2(G), and ||/||2 < ||c(/)||.
Let F2 be the free group on two generators. For s in F2 let \s\ denote the length of (the reduced word for) s. If / is a complex-valued function on F2 with finite support, then [ Proof. Let m be any state on i°° which is zero on c0. Let x and y hern H and define L: B(H)^>B(H) by (L(t)x,y) = m((Ln(t)x,y)). Then L is completely positive and L(t) = r for all t in S U {7}. But by [4, Remark 2, p. 288], the set of fixed points of L is a C*-algebra. Since S is irreducible this implies that L(a) = a for all compact operators a. Hence m((Ln(a)x, y)) = (ax,y) for all states m on /°°w hich are zero on c0. It follows that (Ln(a)x, y) converges to (ax, y), so that Ln(a) converges to a in the weak operator topology for all compact a. Proposition 8. Let S be an irreducible set of compact operators and let L^. B(H) -» £(77) be a sequence of unital completely positive maps such that LH(K(H)) G S and Ln(s) converges to s in norm for each s in S. Then Ln(a) converges to a in norm for each compact operator a.
